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* ABSTRACT

"Employing the hydrodynamic approach, the é1ec;i6magnétic wake'of'é_

charged'particle“pulSe passing through a plasma is investigated. ' The
‘_perturbatlon in the magnetic field amplitude B(” which is of 1nterest
“in the. study of“hose instability of the beam is evaluated. The effect

of charge density profile and different veloc1ty reglmes of the beam

‘pulse on the behavior of Bg)_1s con51dered. F1nally, numer1ca1 results'

. relevant to a typical example are presented.
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"I INTRODUCTION .

' GENERAL

In. problems concerned with the hose instabilityl of a beam of“charged_
g.part1cles penetrating a plasma (conductlng) medium, it is of ‘interest-to-
know the decay distances of the magnetic field amplltudes* due to a finite
" beam pulse The behav1or of the electromagnet1c wake of such a pulse w1ll

'ﬁbe analyzed here employlng the hydrodynamlc approach.

_ Some calculations have been made in. the past by S Chandrasekhar re-
‘gardlng the electromagnetxc wake following a pulse of charged part1cles .
“in a.plasma. 2 We will employ here the M.K.S. system of. units. The pres-

. ent report-may be con51dered as an extension and in some respects a gen—__

eral1zat10n of the earller work of " Chandrasekhar

'_COMMENTS ON 'THE CHOICE OF MODELS

_ Before we proceed with the analys1s of the electromagnetlc wake
'problem,-we note. that the models studied here are’ dlfferent from the one
'f}w\ P .employed_hy Chandrasekhar. ' B '
CHANDRASEKHAR s MopEL L

Assume that in the: unperturbed state, the beam pulse is de--

'.scrlbable ‘as a current J (r)'penepratlng-the_plasma_{See-Fig. 1); “then,

Joo.(l_'.) =_- Qo(l')v .:- | : | . ._ ( 1)

“fwhere q (r) and v are the charge density and. veloc1ty of the beam (assumed .
" te be unlform) respect1vely, then, in the rest frame of the pulse, one . . -

'may write.

* The nature of these will become: clearer in the sequel

1 7o understand the nature of this. instability, see, for 1nstance. M N Rosenhluth J. Phys. Fluids, 3, :'
392 (1960), and 5. We1nberg “The Hose Instability Diapersion Belatzon " (Lo be publ1shed) S

s Chandrasekhar: Unpubllshed work{t%!)




j o .. S :..‘qo(r.) - q:'(p,ré*)q“(z)' U . (2)
where 0,6, and z define the cylindrical coordinate system.

-He assumed that

constant, - L/Z <z <L/2 .
h ‘ (3)

9y(2)

0, otherwise

and

ql® + g{tpet?, p <R

q.(0.6) (4

0, P >R

~and obta1ned explzcnt expressions for the magnetlc fleld amplltudEs in

the wake for |v| =z, where ¢ is the speed of 11ght

IN \\\\\\\\N\\\\\.. s manren 2

FIG. 1 SCHEMATIC OF THE PROBLEM_TR‘EATE_D'.' g

PBESENT CHUICE OF MODELS '

o The follow1ng remarks will serve to. explaln the. reasons for ‘the

present ch01ce of models in the sequel - We start Wlth Eq (1) We now.f-e.*i




:aSSume that the beam is'rigidly.displdced by an -amount d. (say) in the lat-

- eral ‘direction. Then, a beam particle initially- located at a radius p will

in a time 1nterval At occupy a dlfferent p051t10n according to’ the relation -

[p - d(z t, 9),b] - [p - d(z * vht, ¢ + At 8) z '+ vat]  (5a)

We also know that

- ) a'+-"a' N o . (5b)
:v‘z,;? _:v \ 9 v 9z ot T .
and, : o | |
qom,zﬁ)-qu(P—d,Lt)a-- " f' , ‘.l] n @c}_.u_.

_If_we.now assume that

?.i--<<'| |
ot A
13d |
A—] L1 )
%l Lo

then, to flrst order we obtain the follow1ng, employing the relation for.;
.the conservation .of. charge If ql(r) is the perturbatlon in the charge

| den51ty of the beam due to the small r1g1d dlsplacement d, then
f.Il.(P:z,t) - ql_(l‘) == [ ""Vq'o(r)_] ' =_= - [d °.tho(,_0')] o (6)* =

Now, if the: r1g1d dlsplacement d in the lateral d1rect10n is Four1er. -

VJ analyzed as

- n

o

“3

- Since 9 is a _funct.ion, of p only and not.a function of _'2;.- T




. then,
) ' @ SR
, q'l(r) .- _._.zd(n )ein.g . vqo(r)_ ::-(7b)
.or, one may write
o (ry = z q("’e v - - :.-(70)'
1- n=0 o o

“We will remark that, in problems dealing with hose instability, one
‘uses only the second term of the series in (7c); that is, the term where

"n =1 is the one of 1nterest to us. .
-~ The charge dlstrlbutlon g(r) in a frame movihg'with3the-beem at yeloc-f'
1ty v may be expressed as . '
q(r) = f-I;ft(P-a)' - q”(z) e o (8)

Although the formulae obtained in this report following-the procedure
of Chandrasekhar, are valid- for an arbltrary dlstr1but10n of charge den-

51ty along the z- dlrectlon, it w1ll be assumed here that
' _ conetent,.(say ooity),.' L/2: S;Z“S.L/Q.h .
gy{z) = o ) R (9).
o ' 0,'0therwiseﬂ N L .
-..That is, -the pulse is of length L. The choice of q1(p,9)_will be con- .
" sidered next. : ' co R .

" Since, in practlee, one usually obta1ns a beam whose charge dens1ty

'_varles w1th p,-we “will choose two types of models

" MODEL I

" This we call the ‘0%’ beam and it.apoears_to be'close'to'real-u‘

ity. Here,-the”unpertufbed-charge_density'qt(p,G) is given by

*®

. Compare 8. Wei.!_lber_g, Op. cit. . . .




e (1 - p?/R?), for p < o

g, (e, 8) ~ B Qe

' ' 0, otherwise - ' ' o

' where R ie the radius of the beam (that is, we assume a well-defined beam

edge), . ' ‘ o
In phe:pertufbed s;ate'(due'£0 the rigid'displaeement), ene'may wfite;

‘é (p,e) = 9:0) + gD
: where_Qip?-aud*qé ‘are the unperturbed and perturbatlon charge dlstrlbu— E

-tidﬁéeof_bhe HEémJ

ql9(1 - p?/R?), for p <R

cat o= - ()
' .%{jﬂ,fnhherWise
e}j | 1 gt p + ¢ forp <R S
f,qflf. _ (11b)

B b{ otherwise
~Nate phan,c;;bl,assgm¢s~1dl_<< R.

' WODEL 11

To . £1ﬂd 1f vbe character of the electromagnetlc wake is -sensi-
“tive to beam charge d;erlbutlon, and for the purpose. of - completeness,

we w1ll obtaln ‘some results employlng Model TI.

- Let'us-call-thls'phe 2tr1angulaf’*beam. Here -

(1~ p/R), for p <R

eé;(p’é) -me : L _ ;: 31 _;Tf _T__:.  | (lé): 7.:u.'

0, otherwise.
'E@ploying*again:the'previous notation.

_gt(p,ejzﬂ;. q(0)+ q(IJ




we have

(g1~ p/R), for p SR |
g (s S ;... | : o " .(135)
. L0, otherwise ' SR

[qtei®, for p <R o
(13b) -

"0, otherwise.

Againl_(IB)_impliesldl<< R. .

7 “In addition to the above choice of models; we_wili’treat below
three velocity regimes of the beam. That is,_employing-Modelll, we.
~study the following cases: ' o ' L _

Case'l:.'.lvl' = e
Case 2v 'lv|-'= c
Case 3: ',Ivlj_§< c

?';;ﬂ — : _:apdﬁempldyipg?Model 11, we will obtain results-fcr'bhe_éasé where |v|=-¢,

“and we will comment on the other cases.




% II DESCRIPTION OF THE ELECTROMAGNETIC WAKE

. One starts with Maxwell’'s equations

-
=) ' ' D
B P v X H - j d m——

VXE = -
_ ot -3t

. 3\3%'

0; B=p; D = ¢fF (14

'v..in' =:fq.; j =:_UE + gv J,J;
-'whe:e_ﬁ'is the beam charge density, and we assume charge neutrality of
the piésma; Where o is the conductivity of'the.plabmé,.which We_assume
“to be. a sCaLaf.Quéhtity_in the_présentgtreapment. ' The ‘rest ‘of the symbols
.Henote the'usﬁal'fiéld quantities, etc. Thencufrént j'cohsisté of_ﬁWo_-j
" components: .6ne corresanding to. the current induced in the plasma and

the other due to the motion of charges of the beam. ~Also,

" It follows from Eq. (13) that

VXV E = e —a_t(vx H), or

SR TXE) - i(ﬂ* Eg’) ks s




In the sequel, v will be treated as an approx1mately constant quantlty

_Employlng the Four1er transforms technique, one writes .

- . ’ ) 1
' E(r,t) = dkE(k)_exp ik « (r - vt)
B(r{t)'.=.g dké&k) exp itk . (r'-'vt). $;_. _  _ (16)*:'
'Vq(r)' = '_qu(k) exp ik - (r - vt)

~Substitution of relations (lﬁj'in Eq.‘(lS).yields_;

2k(k-E) - k€] S| - kv + (kew)?|E
o ' R B
o leweev (a7

_Mulpiplyiqngq. (17) .vectorially b% k, oné obtains

- wL-(k'v)(EXv)q(k)'
s €y

;k.x E =

_ _ (1)

(ko) ? § = (k-v)or - et |
fo R

-_-Also,isince

kx @

Bl - Ty

e - . S . " N . ) N
- The following-comments regarding the relations (16) are.in ordeér..
_ Usually;_ one writes .

! F(r.t) = Jm rdkdtdF(k,w) exp _(i-k Y iwt-)_-'

where the frequency « ancl wave number k are measured in the laboratory frame.

-'In our present treatment we are essennally considering a static problem and effe;t,s due to such
t.hmgs as Cerenkoy radiation are ignored, If one looks %t. the Lorentz transformation @ = (@ =Kk « R
o’ measured in the rest frame of the pulsa.')’ ={lr- }3 4, and B8 = v/e and notes that, when @ = 0, one
obtains @ =k *-v. That is, .we havé essentially, Flk,0) = Fk)&(@ =k +- v} and the representation :
-employed in (16) is:.valid in our case when ru ~-¢. If, however, @ .were not. zero for some reason, ‘one
has to consider the effects.due. to Doppler phenomena, 8L,y by’ employmg the comrentwnal representatmn

for F(k L) mdlcated above. .




. / ‘J'-' ' : - . . EO
| Blk) - : - A |
L |:k2C2 - (k"\')_2 - 'l—(k‘V)O'] . o 3 (lq) .

Equation (19) was obtéinad.earlier by Chandrasekhar.

We will assume that the beam velocity is only z-directed; then,

v = izv._‘ﬂnder that condition, it .is obvious that
i . N
—(k x i J)a(k)v

60 -

o o L2\
el (k2+k21+kﬁG —1—>--iﬁff
_ o F Y 2 /- €glcc

Bik) : (gp)_-.

where
k2 +'k2 + B2 = k2' )
o ¥ z R

:If_we-wri;e

/
A
[t}

pcos 0, ¥

H
A
~
7
e
=
=

x

0
-
w

[N
=
@

- Equation (20) is expressible as

o Blykpy) = —————— cos (Y =€) . (21) o

o eEN L g
. B = me— 3}, A = ————  and
o y o2 Ceg e el

Q(kﬂ J_ku‘;b)_ = ‘q , (k t’l’lj) | ‘ a (kn) | L

" where




S

We now employ the proceduré used by Chandrasekhar, and write

I}

(kt,¢) = J pdo F d@qt(p,e) Eexp - ik o cos (Y - 9)]-
dar o oL ' .
S : ' :

._ : Oy © - . .
. qn‘k“) = E; q"(z)(exp lkﬂz) ﬂ'dz*,

and

. q;(Pue) _z.qh)(p)elnﬁ - : | :  “.”_.-.3_.: 1(22)_

~ Let us now consider the field associated with each n separately.

=]

- 1 T
g P (k) — | pdpg®(p) | dO exp [- ik,p cos - O} + gl "
ErF A t _ L . :

.
1 o ST T
. 2@k, exp [mw} R 317/2).] ey

where

. L w ] : R
g (k) =-J:q?)(P?Jn(k,PJ vpoedp (24
 .Héncé,"
o - - ',ﬂ-fi}LACE ) - ) . . ]
o Bg)(k;,ku,¢ﬂ = - . qh {k )q“(k“) exp 1n(¢ * 3ﬂ/2)
. o om(kE - ARy 4 kiB) -
el - s (25)'

Here 7 is wr1tten in place of (z - vt}. Hence, the description is in a frame at_rest.with respect B

. te the pulse

S U

 That is;. . .



C e . -

It is clear that.

BS) (0.6,2) J dkB® (k) exp ik-r

2 : L : ) : o e
_ktdkt'[f dyBE) (k) k) exp-ﬁk,p cbs'(w'fei]j-"

e N 0 _ ..0,

. i
—
sat f
= . _ .
- .
S

(26) .

. ‘Assuming ﬁhat changing the order of integration is permissible, we write

dkuqn(k )e

.'. o ‘lﬂoc ' in(3"/2) ?
O B® (0,8 z) = (v/c)e - dk k2 h)(k )
B pn0 2 T 2a fe) | AR (k2 - iAky + sz)
' ' o_ ' po _

. 2197 : ’ g . ) L .
o X I dy cos (f - 8) exp {ik;pfcos (Y - 8) + in#ﬂ“‘f'(27).
o ' | S S

Since .

e o ' S e ' -
' 'J'“be'(¢ - 9)_ei‘°°?(¢f93+i§¢7t_“s_iiiil_eifc0sj¢'-6)fEHWrd¢’,

.'_(_)

Cod ino
. -l-—(2'J'T} . J (Z)E‘t_n__
Cdz LIRS

L2J () = 4;ﬂz);+{{ﬂ(éj.

and

J_ (z) (-1)"J (2)

We observe that _'

J’zﬂl.'-' S iktpcors(hf"a)""ir;d‘

‘dpcos Y- e o et [',(“fl)"]( +1)(k ,o) +3 ?+1"Lh+1(k p)]

o B e RS U PRI B RN R TIPE (28)



“ote that the factor e

_EVALUATION OF (") (k)

‘Hence we obtain——in agreement with Chandrasekhar—the following equation,

which. is a little more general,.

<0

“lGC

LAACER R _.-eiﬂ<3ﬂ/2)}.dktquf?(kt)_[i-(n+}’J T p)

2 e
o J,

_ T o _ hn o
. e , dk”q”(k")e o _ o
o i'“*lJ-n+1(k,pﬂ : J - .. : (29)
o ] (kP - AR+ REBY RV

"0
e1n® has Been'éuppfessed in Eq. (29);
EVALUATIOV OF q”(kﬂ)

S1nce we assumed that the beam is unlform along z,.we obtaln

EUETIE L2 Lk-'“ “" L
| R T TT i
: = i - ednl S

fL/Z

where L is the length of the pulse, and we measure distance with respect

”tqhthe:midplanc of the pulse:

CMODEL T -

¢@ (k,)

S R? / T R

|   =..q. __ﬂ‘j (k R) - o  '?1.:‘  .1:  :f' (31)_ f 

12




NN J-qF”th(k,p)pdp

0

R . . V . - V .- . . .
J A ( 42) Jo (_k';P)'PdP' .

0

MODEL II

Q)]
g, (k)

S AT NPT I
O TR A :E: I, +1(k R) T3y
R 2 - Rk3 f } y .
: t e A=l : E

]

S n
0k, = 'J-q“’Jl(_k_tp-)pdp_.

0
-Amﬁ), e | = @Y f-v—-_jgz_ o +1(k R) S (34)

'EXPRESSIONS FOR B{ (p, 2}
© We will 1n1t1ally write down the approprlate expresalons for B(UJ

and B(I) for each model separately and evaluate the same . for the d1fferent

cases as already mentloned

“In: Eqs (33) and (34). orecan use Struve functlons 1nstead of the infinite serles as shown, when we:
o recall that S
.z;' : Lo L SR S
- - R - C :
o fugladr = 22 _J_znﬂ(z_)r-f' 2, (z) + 220G 'S () -JO{z)S (x)

: :,whe;e SO 1 staﬁﬂs_fgf Struve function of order zero and l.'respectiiéli.3“-'ﬂ




© MODEL T _
 Substitution of -Eqs. (31) and (30) in (29} yields -
o

0) I © (B o
. B%.(p{z) - — q©| dk J,(k R)J (k0

3

m..- .
*J':dk” Sin (Lk”/2) fu
By ooo(k? =ik o+ kﬁB).

-0

“In-a- 51m11ar fash1on, after subst1tut1ng Eqs: (32).énd (30) in Eq.

“one obtalns

-,H09' ‘

B, .'-)' :
.Pr-p-% r ¢
_ o .

' . SiTER
.Jm'dk“'51n (Lk /le he
< |

kY (R2-iAky +RIB)

- q?U J dk, [Iz(k;p) - Jb(kpr}uﬁzJé(k@R)_Lf~

- (35)

(29),

(36

.We next‘proceed to‘evaluaté the magnetic field amplitﬁdﬁsfﬂg)fand_ﬁg) ‘

for dlfferent veloc1ty reglmes of the beam chunk

' _The.lntegral over k" in- Eqs (35) and (36) may be transformed, as .

l_was'done.earl1er by Chandrasekhar, and is 1ndlcated below fu"

:,—?_dk“ sin Lk"/2 eI

Mk _
R :,_m {(k2 * k{B) - eyl

© dk, sin Lk“/2'e S
Tk |

J
=00

o
"';(kl.-IA#“)*,_

dky "

._}0: By (k4 + Azkn) el LR -
- {kz gln [(z - L/2)kH] + Ak cos [(z_- L/2)k"]}] :

Bt _ [{ki_.'sin.. ['(;__+L'/2')g,,']~+'k“,4 -c;,_s' T+ L/DRY

oen



“where

K2+ k{B, and

el
s
"

"k2'+‘k2
Sx y

i

k2 
i
We will evaluate the field quantities ih.seQUeﬁcé.
CASE 1:  |v] = ¢
‘f In this approximatiaﬂ;B_‘= 0, and
"tk

_ ' N zibc. @ . o dk” -Sin Lk“/2 e "
B2 = “dk J (k RINN (k p) ———
SR moi | U)ok k- ik

. - e T

(38)

o FOlloWing Chandrasckliar, we hdﬁ?ithat the\intégral

| | e . . , . _
&(z,kt) = -w————jL———ﬂ«—[{k° 51n [(z + L/Z)kﬂ] + Ak" cos [(Z ¥ L/Q)k“]}
S L ke e ST o

| __';{kf sinf{Izi"}ﬂfQﬂkﬁ3;+ﬂﬂﬁujcos'fﬁz,—iﬁfﬂﬂﬁij}] ’f’;.:: . "(39): | '

may be evaluated when one notes that

I fer a0
.2}\_2 o

- '@J d;_[hzvsin.a;:f_A; cos axl
Cfx e ARy Y . R
. :_D - T _. R . g __lT___ +_e"" i?\. /A , for ¢ <0
. S . . { 2K2 k2 - )

o

From Eq (40) ‘we mnote. that &(z, k. ) 0, for z > L/2, meaning that thefeiQ.

“is ‘no electromagnetlc dlsturbance ahead of the pulse,-as it should be :

15



If we use the notation § = ——

Employing the substitution £, = 1z 4 L/2} and £, = |z - L72]* we obtain

| (-_ --§+k3>
NPl
.exp . A 3

for-L/2 < z < L/2

. dk .
"B'éﬂ)(p,z)-. oncq-{o) J ;;t‘rz(ktﬂ)‘]'l(ktp.k'

o !
cxt e
exp - — - exp - — ‘,'_ -
forz <—L/2 R
We note that, ( )
roo o
R .
_, > R
Bo o
) - . -2 - . . i .. . ‘.-. - N
J dkth(kc.R)Jl(ktp')kc =< R (42} _
SRR 2 - o e R

~ It is also known 't.ha_.t_'s

| Ju(k R} (R Ye ! Zkfk"2dk =i3_ _E_GL_.. Fol2 3 1:3 2.4; _ R o
2 1 P B e t ¢ N N 1 2.1 ) ., .. .

“o

. 2p? -

[ R L, "R, RS W -
J—z(.k,R)Jll(kth)e o kldR, = E‘? SR I 2,—2", 1.; _3.-.'274; - 2_?5 ST

*

This means that the field is measured along t.he cocrdmat.e f__ and ~f+, that xa, to t.he back and front
ends of the pulse respect.lvely : . R

3 G N Watson, A Treat.l.se on_ t.he Theory of - Bessel Functmns, Cﬂmbrldge lhuversny Press. Re\nsed

Edlt ion, ( 1948)

16




Hence, we find that .~

u,cq @R

BO(R2) -

In Eqs.o (43), (44), and (45

- function, which is defined as follows:

F (a 2’ 3! Bl!ﬁz!ﬁs’

and

. (a)n.
and

Note that. in Eq

':.to that of the beam,_(that

‘the factor: etf,

",
“:2n .

c

- f_BéD (pyz). =

Pe—g JJ2EJ432 4—2g]

for - L/2 < z. < L/Q‘_'

' (45)

T 5 - |
[C- 3F3(2v59.1; 3:.2|4; - 22_)

_ 4;;5Fg2g-1 3,2, 4-—2;4]':

for z < - L/2
373

), .F., stands for a generalized hypergeometric

® (@) (az) ()

nL(B) (By) By

n=0

-.a(_IOL.+ ... (¢ +n - l). |

.§i:';'_|z:t/é|

(45) B(m has been_evaluaﬁgdrét a radius equal =
is, at P = R). We next note that, suppressing -

q‘”“"’;] db k[T, (k) = Totk 01U,k R)

o

(sin Lk /2)e "l

-3

e
5 .x:[ i
L By

:(kf,4.?4kni._~a" 5.:% :f'f;T'  ) -

17




' Employlng the results of Eqs (39) and (40), one finds that Eq. (46)_may

" be wrltten as

, ' B o€ s dk ' L -
Bél)(p,,z) - (__2__) q(nRz[ ___k___[J (k, ) Jo(ktp-)]-.l.z-(ktﬁ)
X S E o (an*
[exp'; (§,kf/A).' exp - (§+kf/A>]; for z < - L/2 .
Also | |
L s 2P ;, for o <R
| 2 4pr
dk ' - . S
[-k—— J, (k R)[J (k o) - Jolk )] =
. A I ’ '
L 4 R2 IR . )
Since
| R, ek
& =JT Jz(k:tﬁ)'[‘fz(k.:_p'_)".J'o_(-k-tp")]'e" X o (‘49_)‘

0
does not appear to be easy to evaluate exp11c1tly (except in the form of a
- series, probably),_the integral.in Eq. (49) w1ll be evaluated for the case
_When p R. ' - " '
It has been shown earller* that the 1ntegra1 (49) may be evaluated
. to be (for p = R) '

e  :..1 . . : o - : .  : _“.” e :
‘&(C)'.= Z.f-ETQ“(E) '.2sz(czrij - ei~ e ;] __‘éq?

* . i : . : . )
"Equation (47) has also been -obtained earlier by Chandrasekhar.

_ t See reference 2.-_‘ '
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. .where

: : o _ |
_QH(Q) = -5_[1 - e NI + I, 03]

Q1) = 0 ST ¢ 2L (D) ¢ 1O

© and,

R2A
2F,

Ci =.os

_ Substltutlon of results givenrby relations (48) and (50) in.f
Eq. (47) ylelds T . ' '
- W 1?2 [ B o
FLocq —é"" - 'I + &(C+) s for 'L/2 <z < L/2
-BJ(R,2) =

e ““2‘[[&(;-_) -3 L ferz < -L/2 GDT

"Equatlons (45) and (51) are the expre551ons for the field quantltles we

have been after. These expresszons will ‘be dlscussed later on.

CASE - 2: tvi
Agaln, we will aseume here that the veloc1ty ¥ of -the beam - pulse \

is all z-directed. Recall: now thatt -an. 1ntegra1 of -the following type is

to‘beTevaluated\to obtain expressions. for the field quantities 59 and B(n :

L % dk, [(k2 sin [(z + L/2k} + Ak cos [z + L/2)k, 110
S|

k, T AT I
R o D e AR

‘where -

B2 - k2 4 B2B, and B = (1 - w¥/e?) i

* ) . : : Lo
~ The sign here appears to be different from the one obtained by _@andrasekﬁnr. :

t See Eqs. (35) and (36).

1




Consider.now'the.ekpression
(a? + x3) (b2 + x%) ==.a252'+ xz(az.f b2)7¥ x4.”_‘ “(53a)

and compare it with

; . - o .kj . 2:%B + 4 S
kY 4 kBZ + 2kTRIB 4 ATRE = BTy — ¥ kit o+ k] — ¢ (53b)
o . B? ' B? R

._.Comparlng the coeff1c1ents in the expr6551ons (53a) and. (53b} and nofing

'gphat;8_<<< 1, when Ivl c, one. may conclude that (53b) may be approxl-'

.ﬁétgd”as 
B2 + kﬁ_ + kﬁ—“—- , when A2 >?g2k33.;-7 :

B%

or, one may employ the following approximate substitution '.

A

: APPROXIMA TION @
The approxzmat1on A2 >>. 2k2B implies eithér i2-J
(a) “The conduct1V1by of the plasma .is large, or’

.~ (b) ‘The.transverse wave number is small (that is, the'
' _wavelength correspondlng to the transverse .
. ‘wave number is large; that is, we-are. consider- -
- ing long wavelength dlsturbances, essenblally)

20




One can sho{n_that_ the integral

dx [(A2 + Bxg') sin ax + Ax cos. Otx]

R
J {a? + x3)(b2 + x?)
0 ’ :

u

& -
Q(Q;A)

X

L2

— afeTab)

I

a,a,b > 0

(54yf'

sro-lela - qzglals

I

SN B
- B% 226

4+

(aZ- b?)

'-.Ial

a

ola Ib

Y

e""d-“,b - e_|a‘|a
. +

- b2)  2a?

A
e 62)

By

w2

'-ﬁ;mb>0mda<o
(55)

2(#?

JﬁThat 15, when A2 >> 2sz after some man1pulat10n one flnds that.

m

: 2
22

p_

.k42

i

e

e

Al

L2 . 3 T c - o
PRI IR g (5‘?ktf‘ ;'3ef“4f3) ,for @ > 0.

242"

Ialt /A :

ok R

|4

o ap2
. (k2B

E2 |
|

r, o< 0 i_ L

L (56)

-lalars B (-‘a'*% el g,
'A.4-'_- | 2A2 I S

A~

" 1In the evaluation of (54) and (55) the following result due to Dr. C, Filammer was enployed:

haal 2t + 68 e

_ 32, ma -

4 0% e,
52 (sl 2

a22 {a® =~ b~}

sin mxdz 2 -mb}. fu';,i"a; bum. >0 |

f ”721'"




@
o,k

“no méénetib field ahead of Lhe pulse.*

-
kil

=, fera>0
2kf'

7w ~lale2/n  WF
e

VES

.Howgve;, we have to rewrite &(a,kt).as followé,.because there -should be

T o
|a|k‘_/é._,'fcr,'a <0

(57)

The. above result (57) is valid to first Qrder h1Bf”We also.récall that ; _.

o = z 2 L/2.

~If we now use the notation .

.and

B o))

.. one.finds that

B® (p,2) =
® '

| Zuge ('c") q

1

H. -Bgup)zﬂ "

bol=e.

Bén(lo"z)]l |¢. - $ -

v|=c'._' v{=c

vy, ©)

‘TT
0

- T Iy K BINACINOLL B

BO (o, 2) '

BY (py2)

| B éxp‘-(-"- ;:>, ~Lf2 <z <Lf2

4A2

*

-of the pulse, unless one uses the results indicated-in (57).

'tMuzhthOnéufﬁ

The approximatibns employed here yield an erroneous result 't.haa there is a finite mggnetic' field ahead: .



C R : T q(lpz

._{ S o - TR o .
- _Bg?(puz)_ = J dk | k [J (k ) - Jg(kth]Jz(k,R)
® : _ S .
g '_.—v—-exP : f; for - L7/2 <z <L/2 ' (59
_ 4A2 L o
X <

AR o , | i . . | ST
o B CELRTY £ k2 | R
)= exp |\~ - exp \- ., for z < -L/2 .
L 442 .1A'.' B  A' - o -
 NVow, we note ‘that B(m and BGJ areﬁzero'fdr z.>.L/2.asﬁit should be.’

: From Eqgs. (58) and (59) we observe that the add1t1onal
_ c0ntr1but1ons to B(m and B(D[ when lvl = ¢ (under this approx1mat10n) ;-
. are proportlonal to (1= v2/c¢?) and inversely" propartlonal to A2 *
Slnce the magnitude of the addltlonal term will be small as v = ¢,

An explicit calculatlon of Bm} and B(D w1ll not be carr1ed out here
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Approxlmazzon C)

Let us now. see tht one obtains for Az, k ) 1n the approx1—

matlon where A2 <« 2k B; this approx1mat10n 1mp11es exther-

: (a) The plasma LS weakly 1on1zed or"

(b) Thﬁ transverse wave number is very large (that is,
an extremely hjgh frequency d1sturbance is . :
- understood) e -

.Inr this appro'ximation y one Wri.t.es :
ST e T P R
(k2 + BIB) + A%k} = {k2 + k2 B) Lo e

 After a little algebra and simplification, one;fﬁnds-phét?'j.

1 +

'I_l K

‘%?cixxj ':'ézax[(K2f sz) :sin. ax + Ax cos ax]
X ] B . x(a2 K x2)2 .

j
[ g
=1 =)
-3
IS
S
. o
b ~+
2
&
w
i
o
)
—

| Bre . oam L SR e
| #i—=— 7% 4 ——= (1 + aa)e”** , for & > 0

. E L:.I_T .<l i ..2._+.._l.g_l__a_ e"_l a.l al -
Toget\ 2 )

CBrlel Clale s AT Gy afalyetele por @<
Tda T g3

where =~

o . U ® _ b _ - |
= Aga1n, we rewr1te Ala, k ) as’ shown below to avo1d bhe erroneous result

I_that there 1s ‘a finite magnetic fleld ahead of. the pulse_ Notlng that

B - 0 ‘as v = c, to flrst order_ln B we. obtaln

:."Thia_abpears to be inherent in Lhe?iﬁﬁféxiﬁataﬁn G P IOt

T




SN, .for-ﬂ > 0

H

e o | | : : o |
SR ok o o IR
e | o o (62)

- M, R,) =8 - :
: ) T Tr kta ‘a‘k: .
_ ] —___2—.____,_ 1.+ E exp |\ ~ .B. ,'forOE<'0
. : \' . - .
. _ 2k% 2k% . k - S

L

]

Substituting the result (62) in Eqs (35} and (36) we ob-
tain for the total field amplltudes in this approxxmat1on the following - .

expre551ons

Be™ e S Jsztkthl_(k,p)k:%k, e
141 +'§' I+ 7B jexp \~ VE. f'fqr'f-L/2.<'z:< L/2 -

) ( kg§—> . ( '_é:-—k:) ( -ktf.,,) - (.§+k.t> |

. for .z < “_L/? R

a.n-d

B§(p, )

E]

l' 'BZMOC(—C*)q(_l') . : .
Ty dek J, (ktp) J (k,p)]J (k, R)k L.

ol REY &k | o
N e Sy Rl R L/?-‘M/z R
o ::;'1 [ kREN :éik' f k f} ' 5} ¢ o
) -E);-r(wz)m(_ v

'.,for'z_<'_ L/2 .: _; -; v

: i gn




Because it appears that the integral

Im J (at)J (bt)e @ de
0 B

cannot be evaluated in closed form {u,v, @,and B are numbers} we will con-

tent ourselves with the follow1ng

Since B — 0 as v — ¢, the exponent §ik/V§'W111 be very large for any _"

reasonable value of. § ' That is, for reasonable distances away from the

':pulse,'the magnetic fleld amplitudes B(O’ and B(l) will decay (rapidly)

to zero. Clearly, thisiswhat one would expect in a medium of negligible

“conductivity.

casE 3 fol << e o
We again assume that the veIOC1ty v of the beam pulse is only "
z-directed.  In conS1der1ng this case, we note that [since B= (1 —vz/c )]

B = 1. Next let us assume- that A .>> k2 which 1mp11es the plasma 1s hlghly

.conductlng In other words, one ‘may use the approx1mat10n

ST (2k23 + Az) ¥ k**‘B2 = k44 R4+ RZAZ L (65)

To evaluate the relevant fleld amplltudes one needs tO'evaluate'integrals

. of the type

_ &(x;X} .=.:J. dx[Kz el xi sin ox + Az cos dx]
. o

x(a? + x )(b2 + x2)

: fhat,ig; of;the-;ype5al}gady-évaluated in (57). Héncg,zég_obtainf"

Mo k) =) (66)
.'.- o e L o S
et e_|“|(k M fera <o
S 2k kT 4A2 S




Employing (62), one can immediately write down the following expressions

for the relevant field amplitudes |

2,LL C( )q(()) )
BéDJ(P=Z) =, ———ff;‘———— JmJ (k, R)J (k po)dk,

o

e Lo feR\
— 11 ~ exp — 4 —— expl~ , for = L/2 <z <L/2

t
— | exp (ﬂiﬁ>— exp<~§+kt>.' e - (67)
kf A A S\ A o e : s
RN (_ e (e
. M2 exp 1 exp A' or :Z | 8 o

| R ye (i).q(” P |
EE \e/
e rdk L7 (ktp) 7 (ktp)]J (k,R).

m N AN ﬂ-z-, S A
Ty 1—expi— 1/ + ——~2~ exp | e for ~ L/2< z <L/2 .

- .;W f_kf. | : §+k3 o

ot |exp ™ - exp 4, forz <-L/2. .~

X
A,

énd

As was observed in Case 2, Approxlmatlon .

from Eqs (67) and (68), When Ivl << ¢ and the: plasma is h1gh1y conductlng,

except for the factor v/¢ (entering the ‘expressions for’ the field quant1t1es),"

" there is an additional cont;r1but1on ‘to the ‘field amplltudes which is qu1te PRI

"small_ thls addltlonal contrlbutlon varies as: A 2,

et

we find the followingl; 1_f




 MopeL 11
,i;_} o L " Recall noﬁ that in this model
¢\ - p/RY , for p LR

gi® =9 s - S (13a)

0,_otherwise
and
_ . q‘L)eia', for p £ R o .
0, otherwise ' : :

We also have
| o G ... Lkh — o ft-_   . .
Dty s genlg) P

2Ok

ERNCON

It
e
=
J ;!
[
~
a
=~
S’
ro
M .
b
-
-
oy
L__::;_J

andrs

R

't

o RJ_O(k,,R)
g ey = P e

ﬁ.,,lm

Z - R)} R
Substitution of Eqs. (30) and (33) in (29) yields

_ .  y : z  2 . q(o) ." 5 .  ;, : ﬂ .::' o
BV S Jo“*:ﬁ') 2 & o :
B(o)(P,z) | dk | ¥ z I, +1(k Ry J (ktp)kz FR

R

t .

-1.

k2' ; R n=0

R (Lku) iy
. 8in
b4 RS,

L, B G- 1Ak” + k28]

" (69)




and R

o g€ - q . . RJ (k R) 9 &

B§ (p2) = — J dk [J,(k p) = J (ktp)]kz ‘“*—k“.—“ "; Z n+1(k R)

. . 0 : _ . . . t - . t#=0

(kL) -
dku . 9.

- xj (70)
- R (k2 - iAk, +ki B]

~'As mentioned in the Introduction, we will evaluate the expreséions'(69)
and (70) for the EESE'{UI ='C'and p = B. . v

Since,

J (k R) 2 © o i : _.um R AR
b g2 E: ‘12"+1(k R) —; Jq(k R) ‘ L3 -z; I s (kR
kt _: Rki n=0 Tk K ._ tR L 3 i

t

(fly .

we find that

t

Co L © [k L oe R
'.B§9?§9L1), - 2#009(0? J’dkt ___T;N_x . E: J 2 +l(k R) J, (k o)
.'.' S e ke o "Rk sl . .

-

(M .
. ] k% e - T

_ 1~ exp - §+-:;],for - L/2<z< L/2 .

*.{ _. . ) _. _ _3_  ." ..' .ﬂg ;:_ “, '(72) ’

t ) .
k-exp __:f—u“Zj s ~_e$p f gffj;'. .ﬁf?r z.é f L(g 7 ___

" “Since the evaluation of the integrals'is greatly simplified, we will con-.

" ‘sider'the case only when p = R. One notes that the fbllowiﬁg results are

1_neededfto_evélﬁate (72).

PRI (B g

B O A
o k:--_“

: i

I R (RR) gy g e ey
| exp(-plD)dk, - 3F3 (2-,_5-_-; 133,2,4; -—;—) {736
' e pt



. where, as before-

0 n=.1

(using.the result on p. 403 of Re{erenée 3) and

S Jpar (6 BM (ke PO exp(-pPR )k, =
0u=l : . : .

~of the results (73a) to (73d) in Eq. (?2)'yield

Im+3
© L, n+ 2,n;2n + 2,2
2 S .

R 5 -
E{ s (2,5 1;3,2,4; -9

BVR,2) = 2ugeq®)| (g_)"F(rb'
o = + R l: '

5

S & e v 2)

2

(L, )"f"(n)

5o

< el 2n+2F(2n + z) o

R R

.:2p2” -nzfi |

30

n”(ktR)J_l(ktR)kﬂdkt_ :

R R 5 @
. [—6-- -5 C+ 3F3(2, ;’1,3,2,4, = 2§+) Z

20+ 3); - z‘g)}

(73c).

|I

48

ol
52 B2 (n) 2l
Si\2p?) 2T (m+2) -

nt3 ' _ R :
. 3F3- —, nt+ 2, n:dn +.2,2,2n + 3; -
2 R A

" where 3F3 is the hypergeometric function.dgfined as hefore.

Substitution

€T

2"*2r‘(2n + 2)

~L/2<z<Lf2

e o
- __‘g.', 3F3 2: ”5 :1;3:214; —2€_+ .
. n + 3 L R ' . o
* G\ T ,n:+2,n;2n +2,2,9n +3; 20 |

L In + 37 R . . :  .” - o
L Fa( n nt -2,;:;.2_n + .2,2,2;; _‘+_3;_ —2@)}

2 <-L/2T

.“:;(74) |

(73d)



‘.‘\,_/;

. .p_zjﬂ'

and R%4/2 is the felevant unit of distance.
One can write Bél)(p,z) as
gk k20 R o) - I (R 0)) Z (kR) - kBT GRB]
Bé“(p,z) = —.,—2-—-‘ . tt 2 :. oM e .. 4 2,.+1. :. _. t 7 t |
: S sz : A R
iy - exp = , for = L/2 < z < L/2

.jx<f  - . . - o ‘_ oo e .(75)'

ax N
| .éXP. - “:;— - e#p. - >y , for z < ‘:L/?_ ..__:._

- As in ' the evlauatlon of B(O)[see Eq (74)), we will'assﬁme p =R and

eyaluate B(I), ‘since this w1ll simplify the algebra

. The follow1ng results are useful in the evaluation of (75) for

® . ® : - 2 9
J (kR Y I, H(k Rye * “th2de,
0 . n=0" . . - ..

_ i (g).n-l-ll".‘(n,!_l)

"+2F(2n +2)

*oFy (n £2, T m 13,20 4 2,20 4 s " -2c)s_

¢ V(say) BRI T _(_765.),."

”_  = '-1-' ..'2 2 1. | 3 o -  “ N _'i.
- __Jsz(k,B)Jo(ktmk;le_ fdk, ==l ofy| 213,18 - %)
0 o T e P BRI

= QP ) o aen

, 31.  




n=1

(C)r(n)

. . : . m. . 2k2
) rJO(ktR)Z J2n+1(ktR)e- !
— :

‘R L] C
=) s o (+

Q(“,..(é:ay)

Note also that

r Ty Uk 220, (k R,
0

Cop2
. kt

K2k,

on+'3 o
1, “‘?;—* , n;1,2n +_2,2n +2; - 2L

(76¢)

: m. dkz . . S
AU
o .t '

R)dk

)

-t

oY (ktp)J (k
¢

n

0;'--Wh€:n- ,O = R

—and

- | R
'.J;'“__ FJ.(k RY - Jo(ktﬁ)l[z > _2n+1(k B -k RJ  (k R{] RE3

k2

"Hence, .we obtain

- Q, involvesrthé use ‘of Cf

_R...._ 2[Q 1) + Q(3)._ RQ(2)] , f‘or "L/Q( z < L/2 |

' 12

2[0(1) + Q(3)_....RQ(2) - Q(l)_... Q(3) + RQ(2)]
for z <-— L/2
Can

in the above expressions.:. '~




_tAs_jn-the case of Model I, one can similarly obtain expressions for
BéO) and Bél)ffor'other cases where |u]| # ¢.. :
- - However, We_will_nbt pursue this further; the interesned reader can

accomplish this after some algebra.




II1 DISCUSSION

EVALUATION OF FIELD COMPONENTS

. One should evaluate numerically the fleld components from the formu-
: lae obtained in Egs: (45)-and (51) in the case of Model T, and Egs. (74)
~and (77) ia_the_case-of Model II, and obtain approprlate correct1ons to

: the same.

Inltlally, we w1ll obtain below the ‘asymptotic values'of-Eqs (45),
(51), (74), and (77) and compare the same with Chandrasekhar’s earlier
results to find if the asymptotic values of the field components 350)(3,2)

and B(l)(ﬂ z) are sensitive to beam charge den31ty proflle

At large dlstance away from the pulse, [ is a small quantlty, and.

' one can use the first term in the expansion of ,F,. That_1s, Eq. (45) ,

(11)

Lim. z~—® B

yields
;pﬁﬁ°m _ - : .
2 B‘“’(R z) ~;——f——+--(c_ -'%,) , to first order in &
) (1 o ' ST
. ,le__ z-—--m.- B : ._ . ‘ L .
el oN L o asy
| T ._3 | e, |z|2' .1_. . e | _
'Similarly,-from-Eq. (?4) . S . . . : T Ll .
: L e q(U)B o -
B (R, z) ~——— [(C- _— Z. ) +-—(§._ - & )]

T (aygs 1_':[']1_~ _,ar:ﬂ e o f""'-;f' EEE
o pecd R o 4\ L : T R

g —)— E . (79) -

~In our un1ts and notatlon,‘the asymptotlc result: obta1ned earller by

Chandrasekhar (where a different model. was . employed) 1s prec1sely the--

' same as oOuT. Eq (78) In a 31m11ar manner we flnd that from Eq (51)_ff_'

”'34f.f-




u Cq(l) : _ . . S :
(1), N L0 o L _ _
-_32 c€ l-1|2 .

CLim g
and—ffom Eg. (77)..
(0

: ... ) Pnfq S o 1 : L - - ST
BYMV(R,2) w7 R SR DA
. o 32 3. : |2|2 : e

S Lim, -

Aga1n, we note that the asymptotlc value of B(l)(R;z) obtained by
Chandrasekhar is precisely the same as our Eq' (80), since the same model -

i_was employed in.both instances.

We conclude from the -above Eqs (78) to (81) that the asymptot1c

:'values of the f1eld components are senszttve to beam charge denstty pro-

file.
For the same value of“q(o), since
) Béu)(ﬂ,z) > B(O)(R,z)
C(1EY L) '
Lim. zo—=®@ Lim z%
and _
B”’(R z) < B(“(R z)
T (11) o (1)
Lim z=—@ Lim z=® '
We note that for the same value of q ) ;n the Models I and IIfof.

- thls report. and that of Chandrasekhar,'the value of beam current'(total)-1*a;”ﬂ§-'
Cin Model T'is 4/3 of. that 1n ‘Model II; and the value of beam current inu f

'Chandrasekhar s ‘model is tw1ce that in . Model 11.

o L We w1ll only remark that the growth rate. of the hose 1nstab111ty
- will be lower with - Model II beam" than w1th Model I beam : '
The evaluat1on of- Bw)(ﬂ z) and B(D(R z) .as .z~ —L/2 -0 and

~z ='L/2 - 0, cannot be. evaluated’ readlly, since the functlon 3F ¢, :
"Other representatlons w1ll have-j'

' ;nﬁnﬁ.m,_cannot be app:ox1mated easily.

-~ to be examined.

For the dehmnon of appropnate values of qu). see Eqs {Tb), (11b). and (13!)) _'11_\a_t.is,' fqr Model' I,
(1)| (1)/H2]q . and for Model [T, we have |qm\ = {du)/,,]q(ﬂ) R RSN

wel have Iq




A

. Then, .

and the’ normal;zed ‘value of Bé j(B z) are ploned

From the definition of ¢!}’ it is clear that the decay distance of

the- magnetlc field component B{l) is linearly related to- the rigid dls-

placement d’. For instance, -in the case of Model I, if: we take

~df1V/R =~ 1/25 (say), the decay distance of Bél) is approximately 1/50 of

that of Béo)_at large distances away from the pulse.

p(1) o
.Bé 5 1

(ay 50
B Y
Lim —=0®

SOME NUMEBI CAL RESULT.-S '

' To develop a feeling for the decay distance, ‘we &ill'plof below

-approximately the behavior of B‘O)(R z) under the follow1ng condltlons

Assume: Beam radius = 0.5 em . (5 x 107 3 meters) -
Speed of light ¢ =3 % 1010 cm/sec (3 % 108 meters/sec)
 Plasma conductivity o = 8.85 X 10% whos (7.96 X 1012 e.s.u.)

Pulse is 30 meters long (corresponds to a pulse 0.1 #sec
" in time), . S

| 4 (B .'..i4-166)"1-". R
o2 T .'.g' R
The behav1or of B(O}(R z) is plotted in Flg 2.*

Note that the decay dlstance (that 1s, the dlstance in whlch the

- field decays to e~ of its value) ‘is of. the order of. 4 meters. "This: 1s_

" the relevant'unit of distance equal to R A/2

| '.;COMMENTS ON COMPLEX CONDUCTIVITY EXTEBNAL MAGNETIC FIELDSI,_ ETC. -

The follow1ng comments: are in order

‘The treatment employed here assumes that hhe conduct1v1ty o of the' o

:plasma is a purely real ‘quantity.

" * Egyations (45) and (51) have been employed for this p].or; in ];'15 2 émm-:z)]n={[ﬁibcq(,O)'(ﬂf*?'}j_ i ém(ﬂ...z)}—.f'.' T

res Lo .
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FIG. 2 BEHAVIOR OF 3(0) (R, z) AND B(”(R z) FOR THE EXAMPLE CONSIDERED
(See Text) . _ . _

However, in: practlce one observes t.hat the conduct1v1ty o is a com-’

. .plex quantlty To treat. Such a case one has ‘to evaluate:an 1ntegral of _
- “the type shown in Eq. (37) which appears to be extremely comp11cated

‘also, for any value of beam pulse velocity: v such t,hat 0 < Iv/cl <.1, one

has to evaluate Eq. (37) before the final integration over k, can be carrled_ :

.out.

Not.e that the tensor character of the conduct1v1ty O' (because of the

'_presence of the magnetic field due to the beam pulse) should be cons1dered

‘in a more complete treatment of the problem

g




—

-_1ng plasma) to beam charge

for-the cases W
-Iv/c| = 1 and lv/c| << 1, under some conditions. Also, seme numerlcal

_ models.

80T character of the plasma ‘conductivit

IV CONCLUDING REMARKS -

The sens1t1v1ty of decay distances of magnetlc field components

(0)(3 z) and B(l)(R z) {due to a finite beam pulse penetrating .a conduct— _
density profile has been investigated. Su1t—_ -
h one of the Models

able correctlons have been obtained in connectlon wit

hen the pulse velocity v satlsfles the restrictions

esults have been plotted in Fig. 2 to show the general behavior of the

magnetlc f1eld components B(O) and B(l) in connectlon with one of the

Flnally,'as mentloned before in Sect1on III the c0mplex and/or ten-
y o for values of vie such that

0_<-|U/C! <1 shoutd be treated 1n_£uture work. -

38




O ACKNOWLEDGMENT

The writer would like to thank Dr. C. Flammer for

some critical comments.




